


Section 6
. Boundedness of Complements

Def Let ( ×? B'+M
'

) be a prog generalized pair with data

& : ✗ → ×
'
and at a nef divisor on X . ∅*M = M

'

.

An n- complement of Kx> + B'+M
'

is Kx' + B'++ M
'

for some divisor B'+
mum

such that a > IX. B'
+
+ M) is glc

in nlkx' + B'
+
+ M

') ~ 0 and nM is b- Cartier

(3) n B't ≥ NLB] + Lint) { B' }]

( For monotone complements . (3) B'+ ≥ B' .)

Goal : Boundedness of relative complements for pairs ( Thm i.8)

+ Boundedness of exceptional pairs 17hm t.li )

⇒ Boundedness of complements for generalized pairs 17hm t.io )

Thm 1.8 1 Boundedness of relative complements for pairs)

de Z>◦ , Raton] n ☒ finite .
Then I n=nld,R) satisfying :

T
Assume IX. B) a pair and ✗→ Z a contraction such that

• IX. B) is lc of dim d , dim -2 > 0

• Be ☒ (R) = { I - ÷ : RER ,
MEZ>o }

- ✗ is Fano type over 2-

- - ( Kx + B) is nef /Z .

Then for any closed point
2- c- Z

,
7- n- complement Kx + B+ of Kx -113 over -2

.

]



-1hm 1.10 ( Boundedness of complements for generalized pairs )

d.pe I>o . Rion] n Q finite
.

Then 7- n = ncd.pk) satisfying :

T Assume ( X! B'+M
'

) is a proj g- pair with data ∅ : ✗→ ×
'

and M
.
sit .

. IX
'

.
B'+ M

') is glc of dim d

- B' c- ECR) . pm is b- Cartier

. ×
'

is of Fano type
.

- 1K¢ + B' +Mi) is nef .

Then -7 n - complement B'+ of B' . J

Thm 1.11 1 Boundedness of exceptional pairs)

d. p c- Z>o , RC -10.1] n Q finite
.

Consider all g- pairs in Thm 1.10

which are exceptional ( i.e. , % ≥ o sit . Kx' + B'+ O' + m
'
n ④ 0 ,

IX. B'+ O'+M
' ) is gklt )

Then the set of IX. B
'

) is log bounded .



Idea of 1.8 +1.11 ⇒ 1.10

- ✗
'

is Fano type . hence a MDS . nef ⇒ semiample .

- Let ✗
'± Z

'

be contraction defined by - 1K¢ + B'+ m
' )

case I dim Z
'

> O , M
'

not big / Z
'

Prove a canonical bundle formula Kx > + B'+M
'

n f*( Kz> + Bz' +Mz')

dim É a dim ×' .
⇒ by induction on dim ×

'

, can find a n- complement
BÉ. of Bz '

.

Pullback BÉ to get a complement B'+ of B
'

.

( Prop 6-3 + Prop 6.5) .

Case I dim 2-
'

= 0 .
M
'

not big /Z
'

Run MMP to assume that M
'

~
☒ 0

over Z
'

.

Kx > + B' + M
'
~

☒
0 ⇒ we only need to found Cartier index

.

I Prop . 6.107
.

Case It M
'

big / Z
'

.

Run MMP to assume M
'

is nef /z ?

Use positivity of m
'

to perturb (×? B'+M') to a g- pair

I ×
'

,
#+ am' ) which is a gplt pair and log Fano with ✗ < 1

.

S = LT] irred and s c- LBJ
.

Apply divisional adjunction to S and lift complements from S

using
KV vanishing .

( Prop 6.7) .



Properties of complements
Let ( ×

'

. B'+M
'

) prof g- pair
with ∅ : ✗→ ×

'

and M
.

a) Assume 7- B't ≥ B
'

sit. ( X
'

, B
"
-1M
'

) is glc ,

nM is b- Cartier
,

nlkx't B
"
-1M

') ~ 0
.

Then n B
't
≥ NLB] + Lint) { B

'}) ⇒ B'+ is n- oomph. of B.

(2) Let ×
'

- -→ ×
"

be a ( Kx ' + B'+ M
' ) - nonnegative contraction .

If kx " + B
"

-1M
"

has n - complements , then so does kx . +B'+ M?

PI
*
✗

µ
Write 10*1 Kx' + B'+M

'

) + P = 4*1 Kx " + B
"

-1M
"

)
P≥ 0 .

✗
'
- - > X

"

Let B'
' + be a n- comp

! of B
"

.
Then define

B'+ : = B' + 10*1 Pt 4*113
" -1
- B

"

)) so that

01*1 Kx ' + B'
+
+ M

'

) ~ #( Kx" + B
"

-1M
"

) ~☒ 0

⇒ B
"

is n - corrupt . of B
'

.

☐



Prop 6.3 ( Canonical Bundle Formula)

de Z>o , Rc [on] n a finite .

Assume Thm 1.8 in dim d.

Then 7- of c-
Z>o and a finite sets c- Eoin ☒ depending only on d. R . satisfying

F Assume IX. B) a pair . f- : ✗→ Z a contraction at.

' IX. B) proj . le of dim d ,
dim Z > O

' Kx + B ~☒ 0 over Z

' B E Te CR)

- X is Fano type over some non -empty open
UEZ

- The generic point of each
lc center of IX.B) maps into U .

Then we can write qlkx+B) ~ off
* ( Kz +Bz + Mz) sit

.

- Bz . Mz are disc and moduli part of adjunction
. Bz c- ☒ (S)

-

ofME
is nef Cartier on some Air. model Z

'
→ Z

. ]

Rent
.

Bz is uniquely defined
Mz is defined up to ☆ linear equivalence .

Step 1-4 of proof : prove a
weaker version where only require

qmz is ☒ integral ( no nefness condition) .



PI step 1 : Find q
and construct Mz

.

. -1hm 1.8 : 7- g. = qlnd >R) sit . Kx + B has of
- complement Kx + B+ over a fixed 2- C-Z

.

- Fix 2- c- U
.

Since Kx + B ~☒ 0 -☒ +B+ over ZEZ
.

⇒ B+ = B over 2- c- Z
.

⇒ B+ = B over Yz .

⇒ qlkx+B) = qikx + B+)%r yz
⇒ 7- de KH) sit . qlkx +B) + Dirk) = 0 over Yz .

ii

qtr .

Now I ~☒ Kx + B ~☒ 0 over Z , so I = f-*Lz for some Lz on Z
.

Define Mz : = Lz - ( Bz +Mz) .
So that

qikx +B) ~qL = off*Lz = of#lkz + Bz + Mz) .

Rink
.

Can define Mz ' for 2-
'

→ 2- using pullbacks of Lz .

Cheek { Mz ' : 2-
'

→ Z} determines a b- divisor on Z .



Step 2 We reduce to the case dim -2--1 . by cutting 2- with hyperplane sections.

Assume dim Z > 1 .

Let H be a general hyperplane section of Z .

Let G : = f*H
.

Write kg + BG : = ( Kx + B+G) / G. for some BG
.

Claims The pair (KG.BG) satisfy.is :

in lkc-i.BG) is lc of dim d- 1 .

121 KG + BG ~ ☒ 0 over H
.

131 BE
,

C- ☒ (Pi) for some finite R
>

. ( Lemma 3.3)

(4) G is Fano type over UNH .

is ) generic pt of every lc center of CG.BG) maps into UNH .

Write KG + BG ~ g*( KH + BH + MH) ,
where

g
: G → H

,

then

(6) coelfl Bz) C- coelf ( BH)
.

(7) We can choose MH so that

couff ( Nz) c- coeffl MH)
.

Pf_ (6) Let D be a prime
dir on Z

, C a component of DAH .

Let t = lot (KB) wrt f*D over Yp .

⇒ 7- lc center of IX. B+tf*D) mapping onto D.

⇒
' ' ( X , B+ G- +tf*D) "

⇒ -7 ' ' IG.BG + tg*C) mapping onto C.

⇒ t-lctlkG.BG) wrt g*C over rfc
⇒ coeff,> ( 132-7 = l -t = coeffc ( BH)

.



(7) Pick a general H
'
- H

.
Let KH : = 11<2-+1-171+1

.

Define MH : = ( Lz + H' ) / H - IKH + BH) ,
so that

g
QIKG + BG) ~ qg

* I KH + BH +MH)

- BH + MH = ( Bz + Mz) / H .

⇒ adf.cl Bt-MH) = coeffcpl Biz +Mz)
.

⇒ coeffc (MH) = coeffp (Nz)
.

☐

steps show existence of s when dim Z = 1
.

Let t = lot IX. B) Wrt f*z over ze Z
.

Claim : 7- of
- compl. B+ of B over 2- sit . Bt = B. + tf*z over z

.

Sketch : Let T : = B. + tf¥
.

⇒ Kx-1T ~① 0 over Z
.

If coefft ) C- ☒ (R) .
then -1hm 1.8 ⇒ -7 of

-

comp/ B+ of Kx-1T over z .

Bt - B ~ ☒ 0 over Z ⇒ B+ = B + sf*Z . for some s .

:
B+ ≥ T ⇒ s ≥ t .

' (× > T) has a lc center over z ⇒ s ≤ e- .

} ⇒ ⇐&

Pick S a componentof f-¥ . Let b. b+
,
m be coeff of sin B. BT f-¥ .

- me 2>0 .

.
b-

'

= bttm > be -011k)
. qbt c- Z .

⇒ coeffzl Bz ) = l -t c- ☒8) for some finite S
.



Steps we prove ofMz is integral when dim 2- = 1
.

. Step 1 : B+ = B over Yz .

⇒ of
lkx + B) = of lkx

+ B+) over rfz

⇒ qlkx +B) ~ 0 over some open ✓≤ Z .

Assume supp Bz
c- Z ) V.

. Define ⊖ : = B+ I tz f*Z ,
tz = lot IX. B) Wrt f*z over 2- .

ZEZIV

Then ⊖z : =
disc part of kx + ⊖ over Z

.

= Bz + I tz.z.is integral
ZEZIV

By claim in step 3 . ⊖ is a g- couple of B over V-zez.lv
.

⊖ is a

g- comp
/ of B inside V

I "B )
⇒ ⊖ is a g- corrupt of B over Z

.

- Nor qlkx +⊖) = off
* I kz + Oz + Mz)

.

- I ↑

integral integral
⇒ ofMz is integral .



Step 5 qmz
'

is nef Cartier on some 2-
'

→ Z
.

Id Nefness follows from Thm 3-6 for sniff. high roof 2-
'

→ 2-
.

Integrability : want to reduce to case in step 1-4.

i.e.

want to construct IX.8) sit.

a) ×
'

z
'

↓ a ↓ ✓

✗ → z

in coefflo ' ) ≤ EIR) ✓

(3) Kx ' + O
'

~
☒ 0

over 2-
'

✓

Ki Ki to
'

~☒ f-*( Kz ' + Liz ' + Mz ' )
.

✓

Obs : If IX.d) is a dlt mod. of IX. B) and satisfies a) ,
then it satisfies 4) - (4)

.

Take ×
'

satisfying in , Li : = B + ex ( ✗
'

→ × )
.

Run MMP on Kx' -10
'

over ✗ × É
2-

Replace ×
'

by min model

z
'

by can .

model 17€



Prop 6.5 1 Lifting complements from base of fibration)

Assume Thm I -10 in dim ≤ d- 1 and Thm 1.8 in dim d.

1 for g-pairs)
1 relative pairs)

Then Thm 1.10 holds in dim d for 1×3 B'+MY st. there is a contraction

✗
'

→ V
' satisfying

- Kx ' + B'+ M
'

~

☒ 0
over V

'

.
dim V

'

> 0

. M
'

is not big /v?

Sketch :⇔ : Reduce to case M
'

~
☒ 0

over V?

Run MMP on M
'

/v' to assume that m
'

is semiample /v ?

Replace ✗
'

→ v
'

by the contraction induced by on ! to assume Mingo
.

/v'

step 2 Kx' + B
'
-

☒ 0 .
use Prop 6.3 to write

qlkx ' + B
'

)- off
*1kV '

+ Bv > + Pv ' )

Bv ' e ☒ (S) and qpv ' is b- net Cartier .

Step 3 Construct a diagram
M ✗ → V Mv such that

I ↓ I 1
M
' X

'
→ V

'

Mv

(Lemma 2.44)
.

- p Mv is ref Cartier
- pm - pf*M✓
. qm

'
~ off

"
Mr >



Stepan we can write

qlkx ' + B'+m' ) - off* ( Kv . + Bv ' + Pr . + Mv)

- Prove that ( V 's Bv '
+Pit Mv ' ) is glc .

. Apply t.io to get a g- comp! BE of Bv ?
- Pullback BF to get a g- compl . B'

+ of B
'

.



Prop 6.7 ( hitting complements from divisional adjunction)
Assume 7hm 1.10 in dim d- 1

.

Then 7hm 1.10 holds in dim d for

( X
'

.
B'+M

'

) such that .

• B
'

E R not B' c- ☒ IR))
. ( ×

'

. T
'

+ am
') is ☒ - factorial gplt for some T

'

≥ o and a c- 10> 1)

. 5 = LT
'

] is irred and s
'

≤ LBJ
.

-
- ( Kx ' + F'+ am') is ample .

Sketch proof ( existence of monotone complements)

stept
. Apply adjunction on s

'

and find n - oomph. using -1hm 1. to in dim d- 1
.

Suppose ¢ : ✗→ ×
'
is a high rent of ( ×? B'+F) sit.

if : S → s
'
is a morphism .

pm is Cartier ⇒ can pick Ms

s.t.plKs > + Bs ' + Ms ' ) ~ plkx' + B'+M' ) / s .

~

☒ 0 .

Thml- told-"
Bj, of Bs , an n - compl.⇒

smh that n Bsi and n Ms ' are integral .

L

Steps Write - nlkx Btm) : = - n # ( Kx . + B'+MY

kx + T+ am : = 01*1 kx ' + ¥+2M '

)
.

Let P : =
- LT'D ≥ 0 so that ( X> Ttp) is pH and LT+PJ=S .

Furthermore , P is exceptional / ×' .



Steps Use KV vanishing to lift sections
.

Note Ltp = kx + ( Ttp) -1 I - Kx-7- am) + am + L
.

- - ~

S + lfrae) 01*1ample) net .

T.EE
KV vanishing Hic Ltp-57--0

.

⇒

⇒ Hit Ltp) → tilktp ) /s )
.

This Gives a lift of a comp/ . Bst on the base to some dir B
"

on × ?

step4_ Check that ( ×
'

. B'
+

+ Mi) is glc
and hence B

"
is a n - oomph . of B. ☐

.


